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15t Hohenberg-Kohn theorem

Ve, ¥ P

C D

C:V, ¥ surjective by construction

D:¥isp surjective by contruction

Are Cand D also injective ?

for non-degenerate ground states

To proof: if ¥ =¥, then p = p’

Do this by assuming that ¥ =¥ and p = p’,
which will lead to a contradiction.
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ground state energy is Eq

Y’ is the ground state of a hamiltonian H’,
ground state energy is Ey
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Same number of electrons (otherwise trivial),
|hence:

H=T+W+VandH =T+W+V’
D H=H -V +V

Due to variational principle:
E, = (¥[H[¥)<(¥"H[¥")

= (¥ H+V-V|¥)




Due to variational principle:
E, = (¥ H]¥) < (¥ JH} )

=(¥|H+V-V|¥')

=E' o+ [p'(T)[ v(T)-v'(T)]dT
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Due to variational principle:
E, = (¥ H]¥Y) < (¥ JH} )

=(¥|H+V-V|¥')

=E' o+ [p'(T) v(T)-v'(T)]dT

E, <E'+[p'(T)[v(T)-v'(T)]dr

Repeat argument, starting with ¥’ :

B'y <Ey+ [p(F)[v'(¥)-v(T)]dT




E, <B4 jp'(?)[v(?)— v'(t)]dr

E',<E,+ J'p(?)[v'(F)—v(f)]df

Add, assuming that p = p’

=» contradiction
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To proof: if ¥ # ¥, then p # p’

which will lead to a contradiction.

¥ [/

for non-degenerate ground states

Do this by assuming that ¥ =¥’ and p = p’,

1st Hohenberg-Kohn theorem

Vg ¥ °

C y D

—_—

C: VY surjective by construction

D:¥p surjective by construction

Are Cand D also injective ?




15t Hohenberg-Kohn theorem

¥ v 0

C:V ¥ injective (no surprise)

D:¥ s p injective (very surprizing 1)
= first theorem of Hohenberg and Kohn (1964)
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1st Hohenberg-Kohn theorem

“ There is a one-to-one correspondence between the ground state
density of a many-electron system and the external potential. ”

v\ /NP

To proof:if ¥ # ¥, thenp # p’
Do this by assuming that ¥ = ¥ and p = p’, which will lead to a contradiction.

¥ is the ground state of a hamiltonian H, ground state energy is Eg,
W is the ground state of a hamiltonian H’, ground state energy is E'y,

Same number of electrons (otherwise trivial), hence:
H=T+W+VandH' =T+W+V' > H=H-V'+V

Due to variational principle:
E,= <‘P \HH‘>< <‘I‘\H\‘I‘> = (‘Y"H‘+ V-V

Repeat argument, starting with P :
E' <E.+[p(T)[v(T)-v(T)]dr
Add, assumingthatp = p’ D Eg+ Ef <Ey+Ef 2 contradiction

P. Hohenbergand W. Kohn, Phys. Rev. 1368 (1964) 864

for non-degenerate ground states

)= E‘g(+J‘p'(?)[v(?)ﬂ"(?)}df




